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Assuming a spherical nucleating particle, the effect of particle size and surface properties upon nucleation
efficiency is investigated. A general result is derived which is then applied to the condensation, sublimation,
and freezing of water on foreign nuclei. The size effect is found to become important in the range 100-1000
A of particle radius. For particles larger than this, nucleation efficiency is substantially independent of size,
while for smaller particles the efficiency is very greatly reduced.

INTRODUCTION

HE heterogeneous nucleation of supercooled or

supersaturated solutions by foreign particles is of
interest in many fields, and an understanding of the
dependence of nucleation efficiency on the size and
surface properties of the nucleating particles is of
great importance. The present study is related par-
ticularly to processes of condensation, sublimation,
and freezing of water in the presence of natural or
artificial aerosol particles, where the results have
immediate application to problems in cloud physics.
The theory is, however, more general than this and
has, as far as possible, been stated in a form which
can easily be applied to other situations.

The general theory of nucleation processes of this
kind is now well established and we shall not need to
re-examine its fundamentals.!

The rate of formation of critical embryos which
can then develop into macroscopic droplets or crystals
is given by an expression of the form

J=K exp(—AG*/kT), (1)

1 A recent survey has been given by W. J. Dunning in Chem-
istry of the Solid State, edited by W. E. Garner (Butterworths
Publications, Ltd., London, 19553, p. 159.

where K is a kinetic constant, and AG* is the free
energy of formation of a critical embryo on the nu-
cleating particle. The value of K is somewhat uncertain
and depends in detail upon the nucleation situation,
but fortunately it is sufficient to know its value to
one or two orders of magnitude. J is determined
largely by AG*, and most of our discussion will be
devoted to determination of this quantity.

CRITICAL FREE ENERGY

We shall assume that the nucleating particle is a
sphere. This is necessary for mathematical simplicity,
but it also physically reasonable, since in the size range
where shape effects enter, particles made by many
processes tend to be spherical. In the interests of
simplicity, we are forced to neglect the differences
between various crystal faces and use instead average
values for the quantities involved. This is unlikely
to have more than a small effect in most cases.

Similar assumptions are made about the embryo,
this being a portion of a sphere as shown in Fig. 1.
It may be objected that this is an oversimplification
for crystalline embryos, but in the situations we
envisage the crystal is very small, less than 100 mole-
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cules across, and since it is near its melting point its
surface is probably “rough” in the sense of Burton
and Cabrera? These two considerations make it
likely that the embryo will be spherical to a reasonable
approximation.

The application of macroscopic concepts like surface
free energy to very small groups of molecules has
received considerable attention in the literature, with
the general conclusion that these concepts are applicable
and the deviation from their macroscopic values is
small, even for embryos containing as few as 100
molecules. One new quantity becomes appreciable,
however, for small embryos. This is the free energy
associated with edges. This had been discussed to
some extent by FrenkeP and by Wylie,' but we shall
have to neglect its effects in the present discussion
since no physical data are available.

Referring to Fig. 1, we denote the parent phase by
subscript 1, the embryo by 2, and the nucleus by 3. If
we denote volume by V and surface area by 5, then
the free energy of formation of an embryo of radius 7
on a nucleus of radius R is

AG= AG, Vst 615519+ (02— 013) Ses, (2)

where AG, is the free energy difference per unit volume
of phase 2 between matter in state 1 and matter in
state 2, and o;; is the surface free energy of the inter-
face between phases 7 and 7. If we write,

m=cosf= (a13— ag3) /013,

3)

then this is the usual definition of the contact angle 8,
provided —1<m<1.
Referring again to Fig. 1 we see that,

S1=27r*(1—cosy),
Sos=2rR*(1—cose),

—

Vo=13xr3(2— 3 cosy+cosiy) ®
—3x R3(2— 3 cosptcosby),
and
cose= (R—r cosf) /d= (R—rm) /d, ) )
cosyy=— (r— R cosf)) /d= — (r— Rm) /d,}
where
d=(R*+7"— 2rRm)*. (6)

To evaluate the critical free energy AG* we can
substitute the expressions (4) into (2) and require
that

(8G/or)*=0. N

tW. K. Burton and N. Cabrera, Discussions Faraday Soc., No.
5, 33 (1949).

3 J. Frenkel, Kinetic Theory of Liguids (Oxford University
Press, New York, 1946), p. 403.

*R. G. Wylie, 1956 (unpublished).
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Fic. 1. Embryo 2 on nucleating particle 3 in parent phase 1.

This involves a great amount of labor, however, and
instead we note that, independently of the shape or
even presence of the nucleus, the critical radius r*
must satisfy the usual nucleation equation

r¥= 2015/ AG,. (8)
This is necessarily true since all parts of the embryo
surface must be in equilibrium with the metastable
phase 1. It can be verified by substitution in (7).
Now substituting the expressions (3)—(8) into Eq.
(2) and writing

x= R/r¥, 9
the free energy of formation of a critical embryo is
~ 8mas®
¥
AG 3(AG,,)2f(m’ x), (10}
where
1—ma\? x—m\  [x—m\?
flm,x)=14 +a¥ 2—3 + )
g 4 4
+3ma (’:m~ 1), (11)
and
g= (1422~ 2mx)*, (12)

This expression agrees exactly with that for homeo-
geneous nucleation when =0 and with that given
by Turnbull and Vonnegut® for nucleation on a plane
surface when x= «. It disagrees, however, with the
expression derived for the same situation by Dufour
and Defay® and for the simpler case m=0 by these
authors and by Krastanow,” though these all agree
with our result in the limits x=0 and .

The errors in these earlier treatments are sufficiently
important to be pointed out. In the first place, while
the free energy of formation of a free spherical embryo
of critical size is 405, this is only true for embryos of

( 55])) Turnbull and B. Vonnegut, Ind. Eng. Chem. 44, 1292
1952).

5 L. Dufour and R. Defay, Tellus 5, 293 (1953).

? L. Krastanow, Meteorol. Z. 57, No. 10, 357 (1940); 58, No.
2, 37 (1941).
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critical size and not for an arbitrary radius. Secondly,
an expression of the form jasS where « is a constant,
only applies for critical embryos of constant external
shape, for which

V2= Afa,
Sz=B1'3,

and these conditions are not satisfied for a spherical
nucleating particle. There is an additional error in
the treatment of Dufour and Defay, which is in the
nature of an invalid approximation [their Eq. (16)],
which we shall not consider further here.

In Fig. 2 is shown the expression f(m, x) as a function
of x for various values of the parameter m. Using an
appropriate value from this graph and inserting values
for ¢z and AG,, Eq. (10) can be used to calculate
AG* for any nucleation process.

KINETIC COEFFICIENT

As was remarked in the introduction, there is some
uncertainty about the value of the kinetic coefficient K
in Eq. (1), due in part to uncertainties in the mecha-
nism of addition of molecules to the growing embryo.
Some of these calculations have been discussed by
Dunning' without reaching any clear conclusion, and
the coefficient is obviously different for different situa-
tions. For our calculation we shall adopt the value
10% cm~2 sec™. This is probably correct within a few
orders of magnitude for all the processes we shall
consider, and the final result is in any case extremely
insensitive to this coefficient. For processes where
the kinetic coefficient is found to differ by more than
a few orders of magnitude, an appropriate correction
to our final result (14) is easily made.

lo \‘_4“_
- m=-lQ
| N Tl {000
< :
\N i obo ]
f (m,x) \\\
m,x
ol \\\ \‘\
LI ~ 080
\\\\ i
\ < 0.9
0.0l N
I~ Q.95
0.00I1 OO
Ql l 10 100
X

Fic. 2. The geometrical factor f{(m, x) in terms of the ratio
x=R/r*. m is shown as a parameter.
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Fic. 3. Supersaturation P/P, at which condensation occurs

on a spherical particle of radius R at temperature 0°C. Parameter
is m= cosf.

If we suppose the nucleating particle to have a
radius R cm, then the nucleation rate per particle is

J=4r10%R? exp(— AG*/kT). (13)

Now we shall be interested not in the rate itself, but in
the temperature (or supersaturation) at which this
rate becomes appreciable. We shall define an ap-
preciable rate as one embryo per particle per second
(J=1sec™), recognizing that a few orders of magni-
tude change in the definition will have negligible effect
on the result. Combining this definition with Egs. (10)
and (13), we find for the critical motive free energy
AG, at which nucleation becomes appreciable,

AG2=[(87) /3]ow’f (m,x) /kT[60.144.604 logy, R . (14)

Once AG, is expressed in terms of a supercooling or
a supersaturation, Eq. (14) gives the complete solution
to our problem. The result is quite general and applies
to spherical nuclei in almost any situation, the only
modification required for unusual cases being in the
numerical factors in the square brackets (i.e., in the
logarithm of the kinetic coefficient 4rK R?).

In the following sections we shall apply Eq. (14) to
a discussion of the condensation, sublimation, and
freezing of water as typical examples.

CONDENSATION

In the condensation process the transition is from
supersaturated vapor to liquid. If we denote by P the
partial pressure of water vapor in the surrounding gas
and by P, the saturated vapor pressure over a plane
water surface at the same temperature, then assuming
the liquid to be incompressible,

Go=(—kT/V ) log(P/Py), (15)

where V is the volume occupied by a water molecule
in the bulk liquid. If we consider a temperature of 0°C
for convenience, then o1,=75.6 erg cm™? and (14)

becomes
(1e7,) -

_ 1.005f(m, x)

140.0767 loguRk’ (16)
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This equation is easily solved by successive approxi-
mations. For given values of m and x and an arbitrary
R, P/P,_ is calculated. From this a better approxima-
tion to R is found from

R(P)=xr*(P)=2x0uV ./kT log(P/P,), (17)
and this R in (16) gives a better value of P/P,,. This
process converges very rapidly and two successive
approximations are usually sufficient.

In Fig. 3 we have plotted the results of these calcula-
tions over a wide range of conditions. When m=1.0
the nucleus is completely wet by water and behaves as a
droplet of water of radius R. For lower values of m
considerable supersaturation is required for condensa-
tion even on quite large particles, and these are un-
likely to be of any importance in condensation phe-
nomena in the atmosphere. At saturation ratios above
4.2, nucleation occurs on ions, so that any nuclei
requiring more than this supersaturation cannot be
activated. For most nuclei the size effect becomes
marked for radii less than about 200 A, though this
demarkation depends upon the scale considered.

SUBLIMATION

Sublimation is a very important process in the
production of rain from supercooled clouds. If sub-
limation nuclei become active in the cloud they form
ice crystals which grow at the expense of the sur-
rounding water droplets, eventually falling as snow,
or melting to give rain. In this case the atmosphere
is very close to water saturation, and because of
the supercooling, is supersaturated with respect to ice.
The motive free energy is then

AGy=~ (kRT/V 3) log(PL/Ps), (18)
where Vg is the volume of an ice molecule, Py is the
vapor pressure over a flat water surface, and Py that
over a flat ice surface at the temperature considered.

Equation (18) is not, however, the most general
form of the motive free energy for a solid embryo,
for there exists the possibility of elastic strain to bring
the embryo lattice into partial conformity with the
substrate lattice. Turnbull and Vonnegut® have con-
sidered this aspect in general terms and have discussed
two special cases. If the two lattices are almost identical
in the surface plane, then nucleation may be coherent,
the embryo forming pseudomorphically with conse-
quent internal strain. This strain energy contributes a
term ¢d® to AG,, where & is the misfit between the two
lattices. On the other hand, if the lattices are dissimilar
or if the misfit is large, nucleation will not be coherent.
In this case dislocations are formed at the junction of
the two lattices, increasing the free energy oy of that
surface, but there is no contribution to AG,.

In practice it is probable that a combination of these
two effects occurs, and in addition it is likely that the
strain is inhomogeneous, giving a more complex term
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Fic. 4. Temperature T at which sublimation occurs on a

spherical particle of radius R at water saturation. Parameter is
m= cosf.

than ¢#. While either of the two simple cases can be
treated easily on the present theory, we shall confine
our calculations to the noncoherent case in which
AG, is given by (18). The effect of the dislocation
content of the 2-3 boundary is automatically taken
into account through the value of m.

If we denote by AT the supercooling 273°— 7" then
it is a good approximation to write

lOg(PL/Pg)‘:a'AT, (19)
where « has the value 0.00972/°C. Equation (14) can
then be written,

_ 8xap* V.2 f(m, x)
T 3(kT)%(60.1+4.604 logoR) "

AT? (20)

Again this equation can be solved by successive
approximations, which must now be carried out hoth
for R and 7. The resulting curves are shown in Fig. 4,
assuming a value of 100 erg cm™2 for . It is seen
that the contact angle of ice on the nucleus must be
fairly small (say less than 30°) if the substance is to
act as a nucleus at a reasonable supercooling.

The carve for m= 1.0, i.e,, for a nucleus completely
“wet” by ice, agrees almost exactly with that calecu-
lated by Reiss® for this case on a kinetic basis. Curves
for other values of m are very similar in shape but
depressed in temperature. It can be seen that here the
size effect becomes noticeable for particle radii less
than about 1000 A. This is a point of some importance
since many artificially produced smokes have particle
sizes of this order, and size effects may contribute
appreciably to their behavior.

Though we shall not show calculations for the case
when nucleation is assumed to be ccherent, we can
make some general observations about the nature
of the curves. In the first place the curve m=1.0 does
not approach T'=0°C for large R, but instead ap-
proaches a lower temperature which is determined
by the degree of misfit and the elastic constants of ice.

3 H. Reiss, J. Chem, Phys. 18, 529 (1950).
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Fic, 5. Temperature T at which freezing occurs on a spherical
particle of radius R suspended in water. Parameter is m= cosf.

The shape of the curve is little altered, and to a first
approximation it is merely shifted downwards through
this temperature difference. Curves for other values
of m are similarly shifted downwards by approxi-
mately the same amount. Turnbull and Vonnegut’
calculate this shift to be about —1.5°C for 197, misfit
on the basal plane, and of course the shift increases as
the square of the misfit,

FREEZING

In the atmosphere, freezing is a two-stage process,
in that condensation must first occur, following by
freezing. This immediately limits possible freezing
nuclei to those that are also good condensation nuclei,
since the supersaturations involved are always small.
We can, however, consider also a suspension of the
particles in water, in which case the initial condensa-
tion process is bypassed.

The discussion is now exactly as for the case of
sublimation except that gi; for an ice-water interface
must be used. This involves considerable uncertainty
which has been discussed elsewhere.®* ! For our present

9 B. J. Mason, Quart. J. Roy. Meteorol. Soc, 78, 22 {1952).
16 J. E. McDonald, J. Meteorol. 10, 416 (1953).
1B, J. Mason, J. Meteorol. 11, 514 (1954).
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calculation, we adopt a value of 20 erg cm™? which gives
reasonable agreement with the observed homogeneous
nucleation near —40°C and does not differ very much
from theoretical estimates. Figure 5 is calculated on
this basis. The remarks we made about coherent
nucleation in the case of sublimation apply equally to
these curves.

CONCLUSION

An expression has been developed which takes ac-
count of surface properties and particle size in hetero-
geneous nucleation. The nucleation process is very
sensitive to changes of interfacial energy and hence to
details of the nucleus surface. Nuclei whose surface
planes have symmetry and spacing like those of the
embryo and whose bonding forces are similar should
exhibit low contact angles and good nucleating proper-
ties. Any contamination on the surface which changes
this contact angle may be expected to have a con-
siderable effect on the nucleating properties.

Curves of nucleation efficiency as a function of
particle size have been calculated for condensation,
sublimation, and freezing of water vapor and show that
size effects are small for particles greater than 1000 A
in radius. These curves have been drawn over wide
ranges of the parameters and the assumptions are
clearly invalid at the lowest radii shown. No great
accuracy is claimed for the curves since some of the
interfacial free energies are rather uncertain.

The assumptions of the theory are only those com-
mon to nucleation theory and are considered reason-
able. The assumption of spherical nuclei is a reasonable
approximation to the usual practical case, and even
when this is not true the influence of nucleus shape
will not be large unless extreme geometries are en-
countered.
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