SECTION 1.6

~ [0 0 0 2 40 . 120]
2‘(1){2 4 o]RlHRQ{o 0 O]Rl_ﬁRl[o 0 0}’
[0 1 3 1 2 4 10 -2
(“)[1 2 4]R1HR2[0 1 3]R1_’R1_2R2[0 1 3];
B R B N Sy T I
i) |1 1 0 e Ru— R 0 0 -1
100 3 S N SRS R |
Ri — R+ R3 1 0 0 1 00
Ry——Ry |0 1 fia =Mt s g 1o |
Ry < Ry 00 -1 ° > Lo o1
2.0 0 100
)| 00 o0 R3R_’ if;le 00 0]
—4 0 0 T2 00 0
1 1 1 2 1 1 1 2]
3.0 | 2 3 -1 8 %:%:le 0 1 -3 4
1 -1 -1 -8 3 T lo 2 —2 —10
(10 4 -2 10 4 2]
51:514:2};2 01 -3 4 |Ry—=ZR3|0 1 -3 4
3 2100 -8 —2 00 1 1]
R — R1 — 4R3 3(1)8_1_3
Ry — Ro + 3R3 _0 0 1 4%

The augmented matrix has been converted to reduced row—echelon form

and we read off the unique solution x = —3, y:%, z:i.
1 1 -1 2 10 1 1 -1 2 10
| 3 -1 7 4 1 ?:giggl 0 —4 10 -2 -29
-5 3 —15 -6 9] B Yo 8 —20 4 59

1 1 -1 2 10
Rs — R3+2Ry | 0 —4 10 -2 -29
0 0 0 0 1

From the last matrix we see that the original system is inconsistent.



3 -1 7 0 1 -1 1 1
2 -1 4 1 2 —1 4 1
2 2
O T R P O
6 —4 10 3 6 —4 10 3
_ =1
mﬁm—%lé 1§:§ Ry — Ri+ Ry égg;é
R3—>R3—3R1 2 R4_’R4_R3 2
Ry — Ry — 6R, 0 2 4 -3 Rs — Ry — 2R, 000 O
4 0 2 4 -3 000 0
The augmented matrix has been converted to reduced row—echelon form
and we read off the complete solution z = —% -3z, y = —% — 2z, with z
arbitrary.
2 -1 3 a 2 -1 3 a
4. 3 1 -5 b R2—>R2—R1 1 2 -8 b—a
-5 -5 21 ¢ -5 -5 21 c
1 2 -8 b—a 1 2 -8 b—a
Ri—Ry| 2 -1 3 ?:?ig 0 -5 19 —2b+3a
-5 -5 21 3 3 Y10 5 —-19 5b—5a+c
1 2 =8 b—a
Rs — Rs 1+ Ry 0o 1 =19 2b—3a
i § 5 5
e T R
_ bt
10 2
Ri—Ri—2Ry | 0 1 =22 2b—3a

1S

5

5
0 0 0 3b—2a+c

From the last matrix we see that the original system is inconsistent if
3b—2a+c#0. If 3b — 2a + ¢ = 0, the system is consistent and the solution

xr =

where 2z is arbitrary.

1 11
d. t 1t
1+t 2 3
1
R3s — R3 — Ry 0
0

(b+a) 2 ~ (2b—3a)
5 5°YT ;5
1
Ry — Ry — tR; 01
R3—>R3—(1—|—t)R1
01
1 1
1-—t 0 = B.
0 2—t

Case 1. t # 2. No solution.

19
—z,
)
1
-t 0
t 2—t



1 1 01
Case2. t=2.B=1|0 —1 O 010
00 0

0
We read off the unique solutlon =1,
6. Method 1.
-3 1 1 1 Ri — Ry — Ry -4 0 0 4
1 -3 1 1 0 —4 0 4
Ry — Ry — Ry
1 1 -3 1 e Ru— R 0 0 —4 4
1 1 1 -3 s 1 1 1 -3
100 -1 1 00 -1
01 0 -1 01 0 -1
I R R T A s R R N S R
111 -3 000 O

Hence the given homogeneous system has complete solution
T1 = T4, T2 = T4, T3 = X4,
with x4 arbitrary.

Method 2. Write the system as

r1+rotaz3+axg = 41
T1+xotaxz3+ax4g = 4dxo
r1+x2+ 23+ 24 = 4T3
1 +x9t+a3+x4 = 4duy.

Then it is immediate that any solution must satisfy 1 = z9 = z3 = x4.
Conversely, if x1, x2, x3, x4 satisfy x1 = zo = x3 = 14, We get a solution.

7.
A-3 1 1 A-3
[ 1 )\—3]R1HR2[A—3 1 ]

1 A3
R2—>R2—(>\—3)R1[0 _A2+6A_8}:B.

Case 1: —A2 +6) —8 # 0. That is —(\ —2)(A —4) # 0 or A # 2, 4. Here B is

1
row equivalent to [ 0 (1) ]:

1 Xx=-3 10

Hence we get the trivial solution z =0, y = 0.



Case 2: A = 2. Then B = (1) _(1)} and the solution is x = y, with y
arbitrary. ]
11 L .
Case 3: A = 4. Then B = 0 0] and the solution is x = —y, with y
arbitrary. ]
8.
3 11 1 1 IR S S
- 3 3 3
5 -1 1 _1}R1 - 3R1[5 -1 1 -1
1 1 1 1
R2 — R2_5R1|:0 % % g]
3 73 73
3 1111
e 3 3
wo [
1 10 to
ol

Hence the solution of the associated homogeneous system is

1 1
I = 4373, Ty = 4363 T4,
with z3 and x4 arbitrary.
9.
—1—71 1 1 R1—>R1—Rn —n 0 n
1 1—n 1 R2—>R2—Rn 0 —-Nn n
A= .
|1 1 1—n R, 1— R, 1—R, 1 1 1—n
[1 0 -1 10 - —1
o1 -+ -1 0o 1 - -1
- .. . Ry,—Ry,—Rp—1---— Ry
|11 1—n 0 0 0

The last matrix is in reduced row—echelon form.

Consequently the homogeneous system with coefficient matrix A has the
solution

Tl = Tp, TQ =Tp,...,Tpn—-1 = Tp,



with x,, arbitrary.
Alternatively, writing the system in the form

T+ +xTy = NI

r1+---+xy = N2

r1+---+xTy = NIy
shows that any solution must satisfy nx; = naxe = -+ = nx,, so r1 = x9 =
o« = x,. Conversely if x1 = z,,...,Tn_1 = T,, we see that z1,...,z, is a

solution.

10. Let A = [ CCL Z } and assume that ad — be # 0.

Case 1: a # 0.
b 12 1 @
LT I L Y

" 1 ¢t 10
R2_)adbcR2|:0 (i:|R1—>R1—§R2|:O 1:|

Case 2: a = 0. Then bc # 0 and hence ¢ # 0.
0 b c d 1 4 10
LR P R PR R ER Y

So in both cases, A has reduced row—echelon form equal to [ (1) (1) ] .

11. We simplify the augmented matrix of the system using row operations:

1 2 -3 4 Ry — Ry — 3R, 1 2 -3 4

3 -1 5 2 B — B — AR 0 -7 14 —-10

4 1 a®2—14 a+2 3 3 V6lo -7 a2-2 a—14
R3—Rs—Ry [1 2 =3 4 1o 1 2
Ry — =Ry 01 -2 0 Ri - R —2Ry | 0 1 =2 2
Ri— R —2R; | 0 0 ¢>—16 a—4 0 0 a>—16 a—4

Denote the last matrix by B.



Case 1: a® —16 #0. i.e. a # +4. Then

8a+25
oo | 000
Rl — Rl — R3 0 ]. 0 7(214)
Ry—=Ry+2Rs | 0 0 1 —
and we get the unique solution
8a + 25 10a + 54 1
= s = s Zz = .
7a+4) V" Ta+4) a+t4
10 1 %
Case2: a=—-4. Then B= | 0 1 -2 17 , SO our system is inconsistent.
00 0 -8
10 1 %
Case 3: a=4. Then B= | 0 1 -2 17 . We read off that the system is
00 0 O
consistent, with complete solution z = % -z, Y= 1—70 + 2z, where z is

arbitrary.

12. We reduce the augmented array of the system to reduced row—echelon
form:

1010 1 1010 1
0101 1 01011
11110 Bs7RstR g g
00110 00110

1010 1 1001 1
01 011 Ri — R1+ Ry 01011
Ry—Rs+Re | o g ¢ 0 Rs & Ry 00110
00110 00000

The last matrix is in reduced row—echelon form and we read off the solution
of the corresponding homogeneous system:

Tl = —T4—T5=2T4+T5

T3 —X4 — T = T4+ Ts

T3 = —T4= T4,



where x4 and x5 are arbitrary elements of Z,. Hence there are four solutions:

o»—nHoij
Or—tHOSz
HHOOQ&,
HI—‘OOE
—o Rk ol

13. (a) We reduce the augmented matrix to reduced row—echelon form:

21 3 4 1 3 4 2
4 1 4 1 Ry — 3Ry 4 1 4 1
31 20 3120
1 3 4 2 1 3 4 2
gtﬁfﬁ 0043 3| RomdRy |0 1 2 2
S 1020 4 020 4
B [L 03 1] p i, [100 ]
R3s — R3+ 3R> 0010 Ro — Ro + 3R3 0010
Consequently the system has the unique solution x =1, y =2, 2 = 0.

(b) Again we reduce the augmented matrix to reduced row—echelon form:

2 1 3 4 110
414 1| RRoRs |41 41
1103 2 1 3 4
1103 110 3
gtffg 02 44| Rh—3R, |0 1 2 2
3 3 V'10 4 3 3 0 4 3 3
Ri— R1+ 4Ry 1031
R; — Ry + R 0 122
3 3T 1000 0

We read off the complete solution

r = 1—-3z2=1+42z
= 2—-22=2+4 3z,

where z is an arbitrary element of Zs.



14. Suppose that (aq,...,a,) and (51,...,3,) are solutions of the system
of linear equations

n
Zai]mj =b, 1<i<m.
j=1

Then

n

Z aijaj = bz and iaijﬂj = bz

j=1 J=1
for 1 <i<m.
Let v; = (1 —t)a; +t6; for 1 <i < m. Then (y1,...,7,) is a solution of
the given system. For

doaiy = Y ag{(l -ty +16;}
j=1

j=1
n n
= D ay(l—ta;+ Y aith;
j=1 j=1
= (1 —1t)b; +tb;
= b.
15. Suppose that (aq,...,ay) is a solution of the system of linear equations
n
Zai]’l‘j = bi, 1 S 7 S m. (1)

j=1
Then the system can be rewritten as
n n
Zaijmj = Zaijaj, 1 < 1 < m,
=1 =1
or equivalently

n
Zaij(xj—aj)zo, 1§z§m
7j=1

So we have .

Zaijyjzo, 1§z§m

j=1
where z; — oj = y;. Hence z; = aj +yj, 1 < j < n, where (y1,...,yn) is
a solution of the associated homogeneous system. Conversely if (yi,...,Yn)



is a solution of the associated homogeneous system and z; = a; +y;, 1 <

j < n, then reversing the argument shows that (z1,...,x,) is a solution of
the system 2 .

16. We simplify the augmented matrix using row operations, working to-
wards row—echelon form:

11 -1 1 1 Ry — Ry — aliy 11 -1 1 1
a 1 1 1 b e Re— 3R 0 1—-a 14+a 1—a b—a
3 2 l1+a 3 3 Llo -1 3 a—3 a-—2

Ry o Ry 11 -1 1 1
R _R 0 1 -3 3—-a 2—a
2 210 1-a 1+a 1—a b—a
11 -1 1 1
R3—>R3+(CL—1)R2 01 -3 3—a 2—a
0 0 4-2a (1—a)(a—2) —a’+2a+b—2

Case 1: a # 2. Then 4 — 2a # 0 and

1 1 -1 1 1

B— 101 -3 3—a 2—a
-1 —a?+42a+b-2

00 1 % =g

Hence we can solve for x, y and z in terms of the arbitrary variable w.

Case 2: a = 2. Then
11 -1 1 1

B=]01 -3 1 0
00 00 b-2

Hence there is no solution if b # 2. However if b = 2, then

11 -1 11 10 2 01
B=]01 -310|—]01-3120
00 00O 00 000

and we get the solution x =1 — 22, y = 3z — w, where w is arbitrary.

17. (a) We first prove that 1 +1+ 1+ 1 = 0. Observe that the elements

140, 1+1, l+a, 1+b



are distinct elements of F' by virtue of the cancellation law for addition. For
this law states that 1+ =14y =x =y and hencez #y = 14+x # 1+y.

Hence the above four elements are just the elements 0, 1, a, b in some
order. Consequently
(14+0)+(1+1)+(1+a)+(14+bd) = 0+1+a+b
I+14+14+1)+0O0+14a+b) = 0+0+1+a+b),
so 1+ 1414 1=0 after cancellation.

Now 1+1+1+1=(1+1)(1+1), so we have 2% = 0, where z = 1 + 1.
Hence x =0. Thena+a=a(l+1)=a-0=0.

Next a + b = 1. For a + b must be one of 0, 1, a, b. Clearly we can’t
have a +b = a or b; also if a +b = 0, then a + b = a + a and hence b = q;
hence a +b = 1. Then

a+l=a+(a+b)=(a+a)+b=0+b=0.

Similarly b + 1 = a. Consequently the addition table for F' is

4+ 0 1 a b
010|1]al|b
1[1(0|b]|al
ala|b|0]1
b|bla|1]|0

We now find the multiplication table. First, ab must be one of 1, a, b;
however we can’t have ab = a or b, so this leaves ab = 1.

Next a? = b. For a® must be one of 1, a, b; however a
a = 1; also

’=1=2d’-1=0=(a—1(a+1)=0=>(a—1)°’=0=a=1;

2—g=a=0o0r

hence a? = b. Similarly b2 = a. Consequently the multiplication table for F
is

x 0 1 a b
0[0]0]0|0O
1/0|1]al|b|
a|0la|b]|1l
b{O0O|b|1l]|a

(b) We use the addition and multiplication tables for F':

Ry — Ry +aRy
R3s — Rs+ Ry

— o Q

b
b
1

SIS

1
0
0

> O Q
L L o
O Q2

[ 1
A= a
_1

10



1 a b a
R2<—>R3 0O b a O 221222
0 0 a a | 3 3
1 0 a a
RioRi+aR, |0 1 b o fr—Tatals
00 1 1 Ry — Ry + bR3

The last matrix is in reduced row—echelon form.

11



SECTION 1.6

~ [0 0 0 2 40 . 120]
2‘(1){2 4 o]RlHRQ{o 0 O]Rl_ﬁRl[o 0 0}’
[0 1 3 1 2 4 10 -2
(“)[1 2 4]R1HR2[0 1 3]R1_’R1_2R2[0 1 3];
B R B N Sy T I
i) |1 1 0 e Ru— R 0 0 -1
100 3 S N SRS R |
Ri — R+ R3 1 0 0 1 00
Ry——Ry |0 1 fia =Mt s g 1o |
Ry < Ry 00 -1 ° > Lo o1
2.0 0 100
)| 00 o0 R3R_’ if;le 00 0]
—4 0 0 T2 00 0
1 1 1 2 1 1 1 2]
3.0 | 2 3 -1 8 %:%:le 0 1 -3 4
1 -1 -1 -8 3 T lo 2 —2 —10
(10 4 -2 10 4 2]
51:514:2};2 01 -3 4 |Ry—=ZR3|0 1 -3 4
3 2100 -8 —2 00 1 1]
R — R1 — 4R3 3(1)8_1_3
Ry — Ro + 3R3 _0 0 1 4%

The augmented matrix has been converted to reduced row—echelon form

and we read off the unique solution x = —3, y:%, z:i.
1 1 -1 2 10 1 1 -1 2 10
| 3 -1 7 4 1 ?:giggl 0 —4 10 -2 -29
-5 3 —15 -6 9] B Yo 8 —20 4 59

1 1 -1 2 10
Rs — R3+2Ry | 0 —4 10 -2 -29
0 0 0 0 1

From the last matrix we see that the original system is inconsistent.



3 -1 7 0 1 -1 1 1
2 -1 4 1 2 —1 4 1
2 2
O T R P O
6 —4 10 3 6 —4 10 3
_ =1
mﬁm—%lé 1§:§ Ry — Ri+ Ry égg;é
R3—>R3—3R1 2 R4_’R4_R3 2
Ry — Ry — 6R, 0 2 4 -3 Rs — Ry — 2R, 000 O
4 0 2 4 -3 000 0
The augmented matrix has been converted to reduced row—echelon form
and we read off the complete solution z = —% -3z, y = —% — 2z, with z
arbitrary.
2 -1 3 a 2 -1 3 a
4. 3 1 -5 b R2—>R2—R1 1 2 -8 b—a
-5 -5 21 ¢ -5 -5 21 c
1 2 -8 b—a 1 2 -8 b—a
Ri—Ry| 2 -1 3 ?:?ig 0 -5 19 —2b+3a
-5 -5 21 3 3 Y10 5 —-19 5b—5a+c
1 2 =8 b—a
Rs — Rs 1+ Ry 0o 1 =19 2b—3a
i § 5 5
e T R
_ bt
10 2
Ri—Ri—2Ry | 0 1 =22 2b—3a

1S

5

5
0 0 0 3b—2a+c

From the last matrix we see that the original system is inconsistent if
3b—2a+c#0. If 3b — 2a + ¢ = 0, the system is consistent and the solution

xr =

where 2z is arbitrary.

1 11
d. t 1t
1+t 2 3
1
R3s — R3 — Ry 0
0

(b+a) 2 ~ (2b—3a)
5 5°YT ;5
1
Ry — Ry — tR; 01
R3—>R3—(1—|—t)R1
01
1 1
1-—t 0 = B.
0 2—t

Case 1. t # 2. No solution.

19
—z,
)
1
-t 0
t 2—t



1 1 01
Case2. t=2.B=1|0 —1 O 010
00 0

0
We read off the unique solutlon =1,
6. Method 1.
-3 1 1 1 Ri — Ry — Ry -4 0 0 4
1 -3 1 1 0 —4 0 4
Ry — Ry — Ry
1 1 -3 1 e Ru— R 0 0 —4 4
1 1 1 -3 s 1 1 1 -3
100 -1 1 00 -1
01 0 -1 01 0 -1
I R R T A s R R N S R
111 -3 000 O

Hence the given homogeneous system has complete solution
T1 = T4, T2 = T4, T3 = X4,
with x4 arbitrary.

Method 2. Write the system as

r1+rotaz3+axg = 41
T1+xotaxz3+ax4g = 4dxo
r1+x2+ 23+ 24 = 4T3
1 +x9t+a3+x4 = 4duy.

Then it is immediate that any solution must satisfy 1 = z9 = z3 = x4.
Conversely, if x1, x2, x3, x4 satisfy x1 = zo = x3 = 14, We get a solution.

7.
A-3 1 1 A-3
[ 1 )\—3]R1HR2[A—3 1 ]

1 A3
R2—>R2—(>\—3)R1[0 _A2+6A_8}:B.

Case 1: —A2 +6) —8 # 0. That is —(\ —2)(A —4) # 0 or A # 2, 4. Here B is

1
row equivalent to [ 0 (1) ]:

1 Xx=-3 10

Hence we get the trivial solution z =0, y = 0.



Case 2: A = 2. Then B = (1) _(1)} and the solution is x = y, with y
arbitrary. ]
11 L .
Case 3: A = 4. Then B = 0 0] and the solution is x = —y, with y
arbitrary. ]
8.
3 11 1 1 IR S S
- 3 3 3
5 -1 1 _1}R1 - 3R1[5 -1 1 -1
1 1 1 1
R2 — R2_5R1|:0 % % g]
3 73 73
3 1111
e 3 3
wo [
1 10 to
ol

Hence the solution of the associated homogeneous system is

1 1
I = 4373, Ty = 4363 T4,
with z3 and x4 arbitrary.
9.
—1—71 1 1 R1—>R1—Rn —n 0 n
1 1—n 1 R2—>R2—Rn 0 —-Nn n
A= .
|1 1 1—n R, 1— R, 1—R, 1 1 1—n
[1 0 -1 10 - —1
o1 -+ -1 0o 1 - -1
- .. . Ry,—Ry,—Rp—1---— Ry
|11 1—n 0 0 0

The last matrix is in reduced row—echelon form.

Consequently the homogeneous system with coefficient matrix A has the
solution

Tl = Tp, TQ =Tp,...,Tpn—-1 = Tp,



with x,, arbitrary.
Alternatively, writing the system in the form

T+ +xTy = NI

r1+---+xy = N2

r1+---+xTy = NIy
shows that any solution must satisfy nx; = naxe = -+ = nx,, so r1 = x9 =
o« = x,. Conversely if x1 = z,,...,Tn_1 = T,, we see that z1,...,z, is a

solution.

10. Let A = [ CCL Z } and assume that ad — be # 0.

Case 1: a # 0.
b 12 1 @
LT I L Y

" 1 ¢t 10
R2_)adbcR2|:0 (i:|R1—>R1—§R2|:O 1:|

Case 2: a = 0. Then bc # 0 and hence ¢ # 0.
0 b c d 1 4 10
LR P R PR R ER Y

So in both cases, A has reduced row—echelon form equal to [ (1) (1) ] .

11. We simplify the augmented matrix of the system using row operations:

1 2 -3 4 Ry — Ry — 3R, 1 2 -3 4

3 -1 5 2 B — B — AR 0 -7 14 —-10

4 1 a®2—14 a+2 3 3 V6lo -7 a2-2 a—14
R3—Rs—Ry [1 2 =3 4 1o 1 2
Ry — =Ry 01 -2 0 Ri - R —2Ry | 0 1 =2 2
Ri— R —2R; | 0 0 ¢>—16 a—4 0 0 a>—16 a—4

Denote the last matrix by B.



Case 1: a® —16 #0. i.e. a # +4. Then

8a+25
oo | 000
Rl — Rl — R3 0 ]. 0 7(214)
Ry—=Ry+2Rs | 0 0 1 —
and we get the unique solution
8a + 25 10a + 54 1
= s = s Zz = .
7a+4) V" Ta+4) a+t4
10 1 %
Case2: a=—-4. Then B= | 0 1 -2 17 , SO our system is inconsistent.
00 0 -8
10 1 %
Case 3: a=4. Then B= | 0 1 -2 17 . We read off that the system is
00 0 O
consistent, with complete solution z = % -z, Y= 1—70 + 2z, where z is

arbitrary.

12. We reduce the augmented array of the system to reduced row—echelon
form:

1010 1 1010 1
0101 1 01011
11110 Bs7RstR g g
00110 00110

1010 1 1001 1
01 011 Ri — R1+ Ry 01011
Ry—Rs+Re | o g ¢ 0 Rs & Ry 00110
00110 00000

The last matrix is in reduced row—echelon form and we read off the solution
of the corresponding homogeneous system:

Tl = —T4—T5=2T4+T5

T3 —X4 — T = T4+ Ts

T3 = —T4= T4,



where x4 and x5 are arbitrary elements of Z,. Hence there are four solutions:

o»—nHoij
Or—tHOSz
HHOOQ&,
HI—‘OOE
—o Rk ol

13. (a) We reduce the augmented matrix to reduced row—echelon form:

21 3 4 1 3 4 2
4 1 4 1 Ry — 3Ry 4 1 4 1
31 20 3120
1 3 4 2 1 3 4 2
gtﬁfﬁ 0043 3| RomdRy |0 1 2 2
S 1020 4 020 4
B [L 03 1] p i, [100 ]
R3s — R3+ 3R> 0010 Ro — Ro + 3R3 0010
Consequently the system has the unique solution x =1, y =2, 2 = 0.

(b) Again we reduce the augmented matrix to reduced row—echelon form:

2 1 3 4 110
414 1| RRoRs |41 41
1103 2 1 3 4
1103 110 3
gtffg 02 44| Rh—3R, |0 1 2 2
3 3 V'10 4 3 3 0 4 3 3
Ri— R1+ 4Ry 1031
R; — Ry + R 0 122
3 3T 1000 0

We read off the complete solution

r = 1—-3z2=1+42z
= 2—-22=2+4 3z,

where z is an arbitrary element of Zs.



14. Suppose that (aq,...,a,) and (51,...,3,) are solutions of the system
of linear equations

n
Zai]mj =b, 1<i<m.
j=1

Then

n

Z aijaj = bz and iaijﬂj = bz

j=1 J=1
for 1 <i<m.
Let v; = (1 —t)a; +t6; for 1 <i < m. Then (y1,...,7,) is a solution of
the given system. For

doaiy = Y ag{(l -ty +16;}
j=1

j=1
n n
= D ay(l—ta;+ Y aith;
j=1 j=1
= (1 —1t)b; +tb;
= b.
15. Suppose that (aq,...,ay) is a solution of the system of linear equations
n
Zai]’l‘j = bi, 1 S 7 S m. (2)

j=1
Then the system can be rewritten as
n n
Zaijmj = Zaijaj, 1 < 1 < m,
=1 =1
or equivalently

n
Zaij(xj—aj)zo, 1§z§m
7j=1

So we have .

Zaijyjzo, 1§z§m

j=1
where z; — oj = y;. Hence z; = aj +yj, 1 < j < n, where (y1,...,yn) is
a solution of the associated homogeneous system. Conversely if (yi,...,Yn)



is a solution of the associated homogeneous system and z; = a; +y;, 1 <

j < n, then reversing the argument shows that (z1,...,x,) is a solution of
the system 2 .

16. We simplify the augmented matrix using row operations, working to-
wards row—echelon form:

11 -1 1 1 Ry — Ry — aliy 11 -1 1 1
a 1 1 1 b e Re— 3R 0 1—-a 14+a 1—a b—a
3 2 l1+a 3 3 Llo -1 3 a—3 a-—2

Ry o Ry 11 -1 1 1
R _R 0 1 -3 3—-a 2—a
2 210 1-a 1+a 1—a b—a
11 -1 1 1
R3—>R3+(CL—1)R2 01 -3 3—a 2—a
0 0 4-2a (1—a)(a—2) —a’+2a+b—2

Case 1: a # 2. Then 4 — 2a # 0 and

1 1 -1 1 1

B— 101 -3 3—a 2—a
-1 —a?+42a+b-2

00 1 % =g

Hence we can solve for x, y and z in terms of the arbitrary variable w.

Case 2: a = 2. Then
11 -1 1 1

B=]01 -3 1 0
00 00 b-2

Hence there is no solution if b # 2. However if b = 2, then

11 -1 11 10 2 01
B=]01 -310|—]01-3120
00 00O 00 000

and we get the solution x =1 — 22, y = 3z — w, where w is arbitrary.

17. (a) We first prove that 1 +1+ 1+ 1 = 0. Observe that the elements

140, 1+1, l+a, 1+b



are distinct elements of F' by virtue of the cancellation law for addition. For
this law states that 1+ =14y =x =y and hencez #y = 14+x # 1+y.

Hence the above four elements are just the elements 0, 1, a, b in some
order. Consequently
(14+0)+(1+1)+(1+a)+(14+bd) = 0+1+a+b
I+14+14+1)+0O0+14a+b) = 0+0+1+a+b),
so 1+ 1414 1=0 after cancellation.

Now 1+1+1+1=(1+1)(1+1), so we have 2% = 0, where z = 1 + 1.
Hence x =0. Thena+a=a(l+1)=a-0=0.

Next a + b = 1. For a + b must be one of 0, 1, a, b. Clearly we can’t
have a +b = a or b; also if a +b = 0, then a + b = a + a and hence b = q;
hence a +b = 1. Then

a+l=a+(a+b)=(a+a)+b=0+b=0.

Similarly b + 1 = a. Consequently the addition table for F' is

4+ 0 1 a b
010|1]al|b
1[1(0|b]|al
ala|b|0]1
b|bla|1]|0

We now find the multiplication table. First, ab must be one of 1, a, b;
however we can’t have ab = a or b, so this leaves ab = 1.

Next a? = b. For a® must be one of 1, a, b; however a
a = 1; also

’=1=2d’-1=0=(a—1(a+1)=0=>(a—1)°’=0=a=1;

2—g=a=0o0r

hence a? = b. Similarly b2 = a. Consequently the multiplication table for F
is

x 0 1 a b
0[0]0]0|0O
1/0|1]al|b|
a|0la|b]|1l
b{O0O|b|1l]|a

(b) We use the addition and multiplication tables for F':

Ry — Ry +aRy
R3s — Rs+ Ry

— o Q

b
b
1

SIS

1
0
0

> O Q
L L o
O Q2

[ 1
A= a
_1
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1 a b a
R2<—>R3 0O b a O 221222
0 0 a a | 3 3
1 0 a a
RioRi+aR, |0 1 b o fr—Tatals
00 1 1 Ry — Ry + bR3

The last matrix is in reduced row—echelon form.
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