Section 2.4

a b
2. Suppose B=| ¢ d | and that AB = I5. Then
e f
a b
[ 101} . d 10} [—aﬂte b+ f
10 e f 0 1 cte d+f
Hence
—a+e=1 —b+f=0
c+e=0 " d+f=1"
e=a+1 f=5b )
c=—-e=—(a+1) " d=1—-f=1-b"
a b
B=| —a—-1 1-5b
a+1 b
Next,

(BA)?B = (BA)(BA)B = B(AB)(AB) = BI,I, = BI, = B

4. Let p, denote the statement

A — (3"271)14Jr (3;3n)12_

Then p; asserts that A = @A + @IQ, which is true. So let n > 1 and
assume p,. Then from (1),

AL pAn — A{(3”2—1)A + (3—23n)12} — (3n2—1)A2 + (3—23n)A

= BoDgagry) 4 B34 - BDLEEY 4 DS
n n n+1

_ (43 23) 1A—|—(3 32+)1-2

= @by B30,

Hence py,+1 is true and the induction proceeds.

5. The equation 1 = axy, + bxy,—1 is seen to be equivalent to

R
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or

Xn = Aanlv
where X,, = [ x;“ ] and A = [ Cll 8 ] Then
n
X, =A"X,

if n > 1. Hence by Question 3,
Tn+1 (3” - 1) A (3 — 3") T1
= I

e ER RS

(371 _ 1)2 + 372371 (Sn_12)(—3) |: . :|

3"—1 3—-3"
2 2

Hence, equating the (2,1) elements gives

n __ _an
(3 5 1)x1+(3 23 )a:o ifn>1

Ty —

7. Note: \{ + Ao = a+d and A\ Ay = ad — be.
Then

(A +22)kn — AMdakn1 = A+ X)OAT AT 20 + - A2 AT
—/\1/\2(/\711_2 + )\71‘_3)\2 NI /\1)\3—3 + /\721—2)

= AP+ AT A+ AT
AT A+ AT D)
AT+ AT

= M AN M N = ki

If A1 = X, we see

kn, = )\?_1 + )\?_2)\2 4ot )\1)\721—2 + )\3—1
)\?71 + )\?72)\1 4t )\1)\711*2 + )\?71

_ n—1
= n\
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If A1 # Ag, we see that

M= Ak, = A=) AT HAT D -  F AT 2T
= A AT N+ AT
—(AF A 4 AT AD)
= AT — )L

AT Ay

Hence k,, = ST

We have to prove
A" = knA — Al)\gkn_lfg. *

n=1:

Al = A; also k1A — MAokols = k1A — M0l
= A

Let n > 1 and assume equation % holds. Then

A’Nf"l — An LA = (knA - )\IAQkTL—1I2)A

Now A? = (a+ d)A — (ad — be) Iy = (A1 + A2)A — A A2lo. Hence

Antl En(A + X2)A — M oDy — A hok, 1A

= {kn(A1 +X2) — MA2kn_1}A — Mok, 1o
= kpt1A — Mok, 1o,

and the induction goes through.

8. Here A1, Ao are the roots of the polynomial 22 — 2z — 3 = (z — 3)(z + 1).
So we can take Ay = 3, Ao = —1. Then

=) 1
Hence
PR i Gt i A-(-3) 3+ (=),
_ i”+(11)”+1 [}1 2}+3E3"1f(1)€f1 0}
4 2 1 4 0 1]



which is equivalent to the stated result.

9. In terms of matrices, we have

Fooi ] |11 F,
[ F }_{1 0:||:Fn—1:| for n > 1.

Fox | 1 11" [R] [t 1]"]1
F, 110 F| |10 0|
Now Ap, Ag are the roots of the polynomial 22 — 2 — 1 here.

Hence A\ = 1+72\/5 and Ay = % and

()= (5

kn

1+2\/5 _ (1—2\@>
n—1 n—1
() -(%Y)
a V5
Hence
A" = kA — Mk, 11
= knA + kn—1]2
So
Fn+1 _ 1
(B ] = tam [ 1]
. 1 1 o kn + kn—l
R EY RS P R
Hence

10. From Question 5, we know that
Tn | | 1 7 "Ta
yn | |1 1 b |-
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Now by Question 7, with A = { 1 7{ } ,

A" = kA — M k,_11
= knA — (1 — T)kn_lfg,
where Ay = 1+ /r and \y = 1 — /r are the roots of the polynomial

2?2 =22+ (1 —7r) and
_ AN A

kn, = .
27

Hence

(kpA — (1 — r)kp_115) { Z ]

- (e S -1 w Sl DL

{ b (lk; s oy — (1kiTr)kn_1 ] [ b ]
[ a(kn — (1= 1)kn_1) + blnr } |
ki + bk — (1 — )kn_1)

—
8
3
[EE—
Il

Yn

Hence, in view of the fact that

ko X2 — D NP1 — {323
= yn—1 n—1 — yn—1 A 1 A1, asn — oo,
kn-1 AT = A3 AT A=A

we have

[ T, ] _ a(ky, — (1 = r)kp—1) + bkyr
aky, + b(ky, — (1 —1r)kp_1)
a(% —(1—=7))+ bkf—’ilr
ak’z’il + b(% —(1=r)
~ a(Ap — (1 —=71)) + b7
ar1 +b(\ — (1 —1))
a(\/r+7)+ b1+ /r)r
a(l+/r)+b(/r+7)
Vri{a(l+r) +b(1 + )/}
a(l1+ /1) +b(y/r+7)

-
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