Section 5.8

1.
(i) (=3414)(14 —2i) = (=3)(14 — 26) + (14 — 24)
= {(—3)14 — (=3)(24)} +i(14) — i(25)
= (=42 +6i) + (14i + 2) = —40 + 20i.
(ii)2+3i (24 30)(1 + 49)
1—4i (1 —4i)(1+40)
(24 30) + (2 + 3i)(44)
B 12 + 42
B —10+11z’_—10+Ei
B I T T
1+ 2i)2 1+ 44 + (2i)?
(iii)( + z') _ 1+ z+'( i)
1—1 1—2
 1+44i—4 344
B [
_ (—3+4i)(1+i)_—7+i__z+1i
B 2 o2 227
2. (i)
iz+(2-100)z2=32+2i & z2(i+2-10i—3)=2i
—2i
= —1—9i)=2i =
< z( i) =22 R
o =2(1-9i) —18-2i —-9—i
B 1+81 8 41
(ii) The coefficient determinant is
1+i 2—i| . . : N :
‘14—22’ 34 =(1+9)B+i)—2—-9)(1+2i)=-2+1i#0.

Hence Cramer’s rule applies: there is a unique solution given by

-3 2—1
242t 3+1 -3 —-11: .
z = - = — =—1+51
-2+ -2+
142 —31
1+2¢ 2421 —6+ T2 19 — 8¢
w e = = .
—2+1 —241 5
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. , 140)1% —1
14+ (1 e (1 99 _ (—
+ (1 +d)+ -+ (1+19) A+i)-1

(144)10—1

Now (1 +i)? = 2i. Hence
(1 + Z')lOO — (2Z)50 — 2502'50 — 250(_1)25 — _250'
Hence —i {(1+14)1% — 1} = —i(—250 — 1) = (250 + 1)i.
4. (i) Let 22 = —8 — 6i and write z=x-+iy, where x and y are real. Then

22 =2 —y? + 2zyi = —8 — 61,

so 22 —y?> = —8 and 2xy = —6. Hence

—3\2
y= —3/$, 332 - <—> = _8a

so 2% + 822 — 9 = 0. This is a quadratic in 2. Hence 2> = 1 or —9 and

consequently 22 = 1. Hence x = 1, y = —3 or x = —1 and y = 3. Hence
z=1—-3tor z=—-1+4 31.

(i) 22 — (3 +1i)z + 4+ 3i = 0 has the solutions z = (3 +1i & d)/2, where d is
any complex number satisfying

d?> = (3+i)* —4(4 + 3i) = —8 — 6i.

Hence by part (i) we can take d = 1 — 3i. Consequently

(13
p= O 2( 5 9 i o 140 Y

(i) The number lies in the first quadrant of 4

the complex plane. A : !

[44i] =42+ 12 = V17,

Also Arg (4 4 i) = «, where tana = 1/4
and 0 < o < 7/2. Hence o = tan ~1(1/4).
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(ii) The number lies in the third quadrant of Y
the complex plane.

=31

‘—B—i

! V10 3
2 2

Also Arg (=3-1) = —m + «, where tana =
3/3=1/3 and 0 < a < m/2. Hence a =

—1(1/3).
tan="(1/3) 142

(iii) The number lies in the second quadrant of Y
the complex plane.

| — 142 = /(-1)2 + 22 = V5.

Also Arg (—1+42i) = m—«, where tana =
2 and 0 < a < /2. Hence a = tan ~12.

vl L
+
o

(iv) The number lies in the second quadrant of Y
the complex plane.

y—1+z‘\/§\

- %x/— SVIT3=

Also Arg (5 + @2) = 7 — «, where
tana = 73/% =+V3and 0 < a < 7/2.
Hence a = /3.

6. (i) Let 2 = (1+4)(1 + v/3i)(v/3 —4). Then
lz| = |14l + V3i||vV3 -]
= VIR 124 (VB2 (VB + (-1)2
= V2Vi4Vi=4V2.

Argz = Arg(14i)+ Arg(1+V3) + Arg (V3 —14) (mod 27)

56



Hence Argz = -% and the polar decomposition of z is

12
5% 5
2 =4V2 <COS— —|—zsm—7r>

12 12

(ii) Let z = % Then

A+DPI0=VBIP _ (V2’2 o

z| = =
. (V3 +i) 2!
Argz = Arg(1+44)° +Arg(1 —V3i)° — Arg (V3 +4)*  (mod 2n)
= 5Arg(1+41) 4 5Arg (1 — V/3i) — 4Arg (V3 + 1)
m - —137  1lxw
= 5- TT) T T
54 5 < 3 ) 6 12 12
Hence Argz = H—” and the polar decomposition of z is
11 11
z=27/? ((:081—27r +isin1—;> .

7. (i) Let z = 2(cos § +isin}) and w = 3(cos § +isin §). (Both of these
numbers are already in polar form.)
(a) zw = 6(cos (7 + §) +isin(F + §))
= 6(cos 2F + isin 27).

= 2(cos (X — Z) +isin (5 — %))

2(cos & + isin ).
(c) 2 = 3(cos (& — F) +isin (E — )

%(cos (13) +isin(53)).

(b)

SN

SHIS

(d) ;—5 = g—i(cos(%” — %“) —i—zsm(EZr — 26”))
%(COS 1112” + 3 sin 1112” ).

(a) (1+1i)%=2i, so
(1+0)'% = (20)% = 2%° = 64(4%) = 64(—1)> = —64.
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1 -1 1
= —73:—:—:—:—
S = i

8. (i) To solve the equation 2% = 1 + V/3i, we write 1 4+ /37 in modulus—

argument form:

1+V3i = 2(008% + isin g)

Then the solutions are

T +2k 42k
zk:\/§<cos<#>+isin<¥>>, k=0, 1.

Now k = 0 gives the solution

20 zx/ﬁ(cos%—i—isin%) = \/5(

| %

Clearly z1 = —2g.

4

(ii) To solve the equation z* = i, we write ¢ in modulus—argument form:

. T .. T
z:cos§+zsm—.

2

Then the solutions are

T+ 2k T+ 2k
zk:cos<¥>+isin<¥>, k=0,1,2, 3.

2

= TR e (T AT
ar = cos{ g 5 s s T

( 7T+,,7T>k( 7r+,,7r)
= — in — — in —
cos2 %S 2 cos8 tS 3

.k ™ R

= 17(cos — +78In —).

(cos < 3

Z+2km - ke
2 -_—
NOW COS ( 7 ) = COS (8 + ), SO
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Geometrically, the solutions lie equi—spaced on the unit circle at arguments

s 7r+7r 5% 7T+ 97 7r+371' 137
—_ —_ —_——= — —_ m = — —_ _— = —
8 8 2 87 8 8" 8 2 8
Also z9 = —zp and z3 = —27.
(iii) To solve the equation z® = —8i, we rewrite the equation as

(&) -

<z):17 —1++/3i —1—\/52"

Then
o 2 2

Hence z = —21, V3 +ior —3+i.
Geometrically, the solutions lie equi-spaced on the circle |z| = 2, at

arguments

oML I _om o 2w 3w
66 3 66 327

(iv) To solve z* = 2 — 2i, we write 2 — 2i in modulus-argument form:

9 — 9 = 23/2 <COS_TW +z’sin_%> .

Hence the solutions are

==+ 2k == + 2k
2k = 23/8 cos <447T> + i sin <447T>, k=0,1,2, 3.

We see the solutions can also be written as

. - .. T
zE = 23/8;k (cos — +1¢sin —)

16 16
= 923/8;k (COS 17r_6 — ¢sin %) .

Geometrically, the solutions lie equi-spaced on the circle |z| = 2%/8, at ar-
guments

-7 —-T 7 Tm -

T 157 —m T 237

16’16 2 1616 ‘216" 16 2 16

Also z9 = —zp and 23 = —2;1.
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24+1 —14+2 2 1 /) 1
1+i —1+i 1 = Bo=To )y
. . ) R3 — R3 — Ry X )
1420 —2417 142 /) —1 7
. 1 2 1 1 7 1
RQ;ng(ile)Rl 00 —i | Ro—iRy |0 0 1
3 T 00 0 000
1 2 0
R — R — Ry 0 01
0 0 O
The last matrix is in reduced row—echelon form.
10. (i) Let p=1+im and z = = + iy. Then
pz+pz = (I—im)(x+iy)+ (I +im)(z —iy)
= (lz + liy — imx + my) + (lz — liy + imz + my)

= 2(lz +my).
Hence pz 4+ pz = 2n < lx + my = n.

(ii) Let w be the complex number which results from reflecting the com-
plex number z in the line [x + my = n. Then because p is perpendicular to
the given line, we have

w—z=1p, teR. (a)

Also the midpoint wT‘*'z of the segment joining w and z lies on the given line,

ﬁ<w32>+p<ﬁ> = n,
(o) e

Taking conjugates of equation (a) gives

W—Z = tp. (c)

Then substituting in (b), using (a) and (c), gives

_ (2w —tp n 2Z+tp
=n
P P
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and hence
pw + pz =n.

(iii) Let p=b —a and n = |b|> — |a|?. Then

z—al=|z-b & |z—af*=]|z—0b
S (z-a)z—a) = (z-b)(z-D)
& (z—a)(z—a) (z—b)(Z—b)
& 2Z —azZ — za+ aa 2Z — bz — zb + bb
sb-a)z+(b—a)z b2 — |a|?
& pz+pz = n.

zZ—a

Suppose z lies on the circle z—b‘ and let w be the reflection of z in the

line pz + pz = n. Then by part (ii)
pw + pz =n.

Taking conjugates gives pw + pz = n and hence

(a)

Substituting for z in the circle equation, using (a) gives

n—pw

A= |2t _|nopwopa) (b)
nopw n — pw — pb
However
n—pa = |b?>—la*—(b—1a)a
= bb—aa— ba+aa
= b(b—a)=bp.

Similarly n — pb = ap. Consequently (b) simplifies to

b—
A= =
a —

gl &l

w—al’

Bp—pw B
ap — pw -

==

w—a
w—b

which gives ‘

>l
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11. Let a and b be distinct complex numbers and 0 < a < .
(i) When z; lies on the circular arc shown, it subtends a constant angle
a. This angle is given by Arg(z; — a) — Arg(z; — b). However

Arg (zl — Z) = Arg(z; —a) — Arg(z — b) + 2km
Z1 —

= «a+ 2km.
It follows that k =0, as 0 < a < 7 and —7 < Argf < w. Hence
Arg (Zl — a) =aq.
Z1 — b
Similarly if z9 lies on the circular arc shown, then

zZ9 —Q
A = — = — _ fry —_ .
rg <22_b> 0% (r—a)=a-7

Replacing o by m — «, we deduce that if z4 lies on the circular arc shown,

then
Arg <Z4_a> =T —aq,
24— b

while if z3 lies on the circular arc shown, then

Arg <Z3 — a) = —a.
23— b

The straight line through a and b has the equation

z=(1—t)a+tbh,
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where t is real. Then 0 < ¢t < 1 describes the segment ab. Also

zZ—a t

2—b t—1

Hence Z= is real and negative if 2 is on the segment a, but is real and

positive if z is on the remaining part of the line, with corresponding values
zZ—a
Arg < ) =, 0,
z—b

(ii) Case (a) Suppose z1, z2 and z3 are not collinear. Then these points
determine a circle. Now z; and zo partition this circle into two arcs. If z3
and 2,4 lie on the same arc, then

Z3— 2 Z4— 2
Arg(3 1>:Arg(4 1);
zZ3 — 22 Z4 — 29
whereas if z3 and z4 lie on opposite arcs, then
z3— 2
Arg ( 3 1) =«
Z3 — 29
Z4— 2
Arg ( 1 1) =a—T.
zZ4 — R9
Hence in both cases

Arg (23_21/24_Zl> = Arg <23_21>—Arg <Z4_Zl> (mod 2m)
Z3 — 29 24 — 22 zZ3 — 29 Z4 — %9

= 0Oor .

respectively.

and

In other words, the cross—ratio

23 — 21 R4 — 21

R3 —R2 24 — k2
is real.
(b) If z1, 22 and z3 are collinear, then again the cross—ratio is real.
The argument is reversible.
(iii) Assume that A, B, C, D are distinct points such that the cross—ratio

23 — 21 24 — 21

23 — k9 Z4 — 22

is real. Now r cannot be 0 or 1. Then there are three cases:
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(i) 0<r<1;
(ii) r < 0;
(iii) 7 > 1.

Case (i). Here |r|+ |1 —7r| =1. So

+‘1_ <Z4—21 ‘23—22>‘ -1

Ry — %2 23—~
Multiplying both sides by the denominator |z4 — 23||z3 — 21| gives after
simplification

R4 — 21 k3 — %2

R4 — 22 R3—Z1

|24 — 2z1||23 — 22| + |22 — 21|24 — 23| = |24 — 22|23 — 21],

or

(a) AD.BC+AB-CD = BD - AC.
Case (ii). Here 1 + |r| = |1 — r|. This leads to the equation

(b) BD-AC + AD-BC+ = AB - CD.
Case (iii). Here 1 + |1 — 7| = |r|. This leads to the equation
(c) BD-AC+ AB-CD = AD - BC.

Conversely if (a), (b) or (c) hold, then we can reverse the argument to deduce
that r is a complex number satisfying one of the equations

rl=rl =1 =] 1= =)

from which we deduce that r is real.
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